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Numerical and Experimental Comparison of the Notch
Tip Stresses in a Laminated Plate
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and
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A crack in a laminated, composite plate was modeled using numerical methods. The experimental results used
to validate this analysis were for a (0,±45, 90) v graphite-epoxy plate with a center notch oriented normal to the
loading direction. Two two-dimensional finite-element models were used to determine the size of the crack tip
damage zones. One involved a purely elastic analysis; in the other, the element ply stiffness was completely
discounted if the stresses exceeded the Tsai-Hill failure criterion. Diagrams showing the growth and shape of the
ply damage zones at increasing load levels were developed for both models. The size of the subcracks in each ply
were linearly related to the opening-mode stress intensity factor Kf. A critical stress intensity factor approach, an
instability approach, and a new fracture load prediction method based on load-vs-load-bearing-area diagrams
were used to predict the fracture load. Since this new method provided close upper and lower limits on the
fracture load and is possibly applicable to complicated structures, it was considered the best of the three
methods.

Introduction

THIS paper is specifically concerned with the use of
numerical methods to model a crack in a laminated

graphite-epoxy composite plate. The crack is simulated by a
through-the-thickness, finite-width center notch oriented
normal to the loading axis. Conventional finite-element
analysis and classical laminated plate theory are used in the
numerical model. These techniques are coupled with the use
of composite strength theory and incremental loading to
follow the growth and development of the damage zone at the
crack tip and eventually determine a failure load.

At the present time, the direct applicability of LEFM to
laminated composite fracture cannot be assumed. !~3 The
presence of notch sensitivity ] and the fact that crack growth
parallel to the fibers in unidirectional composites can be
explained by a stress intensity factor4'5 indicate that some
portions of presently developed isotropic fracture theory can
be applied. The major divergences from isotropic fracture
theory are the growth of a damage zone as opposed to crack
opening from the crack tip and the dissimilar behavior of each
ply in a laminate to a given load.

The data that will be used to validate the analysis done in
this paper were generated by the Air Force Materials
Laboratory.6'7 During the experiments, notched composite
plates of Thornel 300 graphite fibers in Narmco 5208 were
loaded to failure. The specimens contained a 13-mm notch in
(0, ±45, 90)5 laminate. As part of these experiments,
radiographs were taken at various load levels. The
radiographic image of the crack tip damage area was
enhanced.8 From these radiographs, it was then possible to
measure the length of the subcracks in each ply of the
laminate.
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Theory
Several investigators have stated that the stress field around

a crack in a composite plate is three dimensional.2'3'9 The
three dimensionality is caused by the interlaminar stresses at
the free edge of a crack. In Ref. 10, the effects of interlaminar
stresses on the fracture strength of center notched graphite-
epoxy laminated plates were studied experimentally. This
study showed that the stacking sequence, and hence the in-
terlaminar stresses, had no effect on the fracture strength of a
center-notched plate. Thus, it seems feasible to use a two-
dimensional analysis to model the boundary of the damage
zone for the problem considered.

In general for any material, strength is a measure of the
ability to deform without sustaining irreversible damage. In
homogeneous isotropic materials, this ability is measured by
the yield criterion, where the yield strength is the point where
the material ceases to act elastically. Drawing a parallel with
plasiticity theory, it can then be surmised that the com-
binations of stresses that cause lamina failure can be
represented by a hypersurface in stress space.5 Lamina failure
is defined as the inability of the lamina to carry stress in the
same manner it did in its virgin state. To determine when this
inability occurs, the Tsai-Hill failure criterion n'12 will be used
with the failure strength parameters determined from the
uniaxial strengths for the two-dimensional case such that the
criterion becomes

-
X2

_ ,^£
X2 Y2 S2 (1)

where X is axial strength, Y transverse strength, and S shear
strength.

Before this criterion can be applied to a laminate, a
determination must be made as to how to treat constituent
lamina failure when it occurs prior to total laminate failure.
After putting laminae together to form a laminate, the
behavior of the laminate is no longer linear to failure. Instead
it can be assumed that failure of the laminate occurs when all
of its constituent laminae have failed.5'9 There are basically
three methods to modify the laminate stiffness after lamina
failure5: the total discount method; where the failed ply is
assigned zero stiffness and strengths; the mode limited
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discount method; and the method in which residual properties
are assigned to the failed lamina.

Since the exact lamina failure mechanisms and the post-
failure performance of the laminae in a laminate are not
completely understood, this analysis uses a bounding
argument to portray failure in the crack tip damage zone. It is
obvious that one extreme bound on the damage zone can be
found if all laminae are treated as elastic until failure occurs
(elastic method); the other extreme bound is determined by
completely discounting all stiffness of a ply when the stress
field in that ply exceeds the failure criterion (progressive
failure method).

The appropriateness of two-dimensional analysis, the Tsai-
Hill failure criterion, the progressive lamina failure approach
to predict laminate failure, and the boundedness assumption
made in the analysis were checked by applying these
procedures to an unnotched specimen under tension. The
properties of the graphite-epoxy specimen used are shown in
Table 1. Using the methods described, the elastic model
provides an upper bound, and the progressive failure model
provides a lower bound on the actual failure load.

The goal of a fracture analysis is to predict in what fashion
and when catastrophic failure will occur. The manner of
failure can be correlated with either crack propagation or the
growth of a damage zone at the crack tip. The "when" of
ultimate failure is explained by the fracture stress if time-
related phenomena are ignored. The phenomena correlated
with these two questions will be discussed in the following
paragraphs.

Since crack extension did not occur for the tests being
analyzed, the investigation must concentrate on explaining the
growth of the damage zone. Two specific phenomena are
related to the growth of the damage zone. The unobservable
phenomenon is the growth of the failure area around the
crack tip. This phenomenon is measured using strength
theory, as explained previously. The observable occurrence is
the growth of subcracks along ply fibers.1 '3 Ultimately, it
should be possible to relate the growth of these subcracks and
the remaining safe life of the structure in a manner similar to
that described in Ref. 13. First, the relation between the
growth of subcraeks and the fracture strength must be in-
vestigated. Although it is questionable whether the growth of
subcracks and the fracture stress are directly related,] it has
been shown that the length of the subcracks is proportional to
the opening-mode stress intensity factor squared (K{] 2 (Ref.
1). The average length of the ply subcracks can be obtained
experimentally from radiographs of the crack tip damage
zone, while values of Kl can be found from the finite-element
analysis results and the following expression for a center-
notched, finite-width plate14:

(2)

In this expression, o is the applied stress, w is the plate width,
and a is the effective crack half-length. The effective crack
half-length is the sum of the original crack half-length a0 and
the size of the damage zone c, measured collinear with the
original notch:

= an+c

Table 1 Lamina properties

(3)

Elastic
constants

Ultimate
strengths (ksi)

Thickness, / = 0.0054 in.
Longitudinal modulus, En = 15545 ksi
Transverse modulus, E22 = 1425 ksi
Shear modulus, GI2 = 903 ksi
Poisson's ratio, vn =0.288

A; =217.6
Sc =217.6
Y, -5.8
5-9.9
(0, ±45, 90)5=54.4

The methodology used to determine c will be explained later.
The prediction of when fracture occurs can be approached

in three manners. Two of these, the use of a critical stress
intensity factor and instability analysis are classical in nature,
and the third is introduced, for the first time, in the paper.
The third involves the relation between combinations of load
and load-bearing area.

The use of stress intensity factors is well described in many
articles on fracture mechanics and will not be discussed
herein/The instability method of predicting fracture strength
is the simplest to apply. The load-displacement curve for the
sequence of loading, where element plies within the failure
region are removed, is plotted. The increment of the load that
causes the curve to transition from the nonlinear region to the
flat region is defined as the instability load, and the preceding
load is taken as the fracture strength.

The third and newly developed method is based on logic
similar to that presented in an article by Nuismer and
Whitney.1 5 The average stress criteria predicts failure when
the average value of stress aa, over some fixed distance d0,
ahead of the crack first reaches the unnotched tensile strength,
(70. In equation form, failure occurs when

(d0) (4)

where d0 is the fixed distance ahead of the crack, a is the crack
length, and ox is the normal stress component ahead of the
crack tip. For this type of specimen it can be shown that this
relation becomes

P ./A =o (5)

where ALE is the remaining undamaged load-bearing area and
Pffv is the applied load in the x direction.

To find the fracture strength for a particular material, Eq.
(5) is applied to a load-vs-load-bearing-area diagram. The
boundary of the failure region is the line defined by

P/A=a0 (6)

As damage progresses from the crack tip, the load-bearing
area decreases. If load and remaining load-bearing area are
plotted, the predicted fracture strength is the intercept be-
tween this curve and the boundary of the failure region.
Referring to the boundedness argument presented previously,
the elastic method yields an upper bound on strength, and the
complete discount method yields a lower bound.

Numerical Analysis
The finite-element program used in this paper was

developed at the Air Force Flight Dynamics Laboratory.16

The program is based on classical laminated plate theory and
the displacement method of finite-element analysis. This
program could be used to analyze plies of several different
combinations, one of which was (0, ±45, 90)5, and included
various standard elements, including the constant-strain
triangle. The element stiffness matrix is modified by either
changing the relative percentage of the plies contained in the
element laminate or by changing the element material.

For this analysis two finite-element meshes were generated
making use of the information presented in Ref. 17. In the
first, with 163 nodes and 282 elements, the ratio of element
area to squared crack length, AE/a2, was approximately
20 x 10 "6. In the second, shown in Fig. 1, with 252 nodes and
457 elements, the AE/a2 ratio was lOx 10~6 . The accuracy
and convergence of these two meshes when applied to the
composite crack problem was shown to be acceptable.

There are two general procedures that are followed in the
numerical analysis stage. One is for the purely elastic method,
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Fig. 1 Second mesh 252 nodes, 457 elements.
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Fig. 2 Load vs displacement curve for progressive failure model.

and the other is for the method that employs ply removal. In
the elastic method, loads are applied in increments of 10% up
to the experimentally determined strength. At each level of
loading, the bounds of the damage zone are determined, but
the element stiffnesses are not changed. In the method using
ply removal, the same general procedure is initially followed,
but after each increment of loading the element plies that
failed are removed before the next increment of load is ap-
plied. When using ply removal, a method similar to Chou et
al.18 '19 is incorporated. They were interested in employing ply
stiffness reduction through experimental properties, as op-
posed to the technique advanced herein where all ply stiffness
is removed. If the displacement at the load application point
differs by more than 10% for the same load, the load in-
crement is halved until the model converges. This procedure is
continued until either the experimentally determined strength
is reached or the model becomes unstable, with instability
defined by the point where the slope changes by more than a
factor of 50.

Results
The load-displacement curves for the elastic and the

progressive failure models are shown in Fig. 2. Four iterations
were required before the progressive failure model converged.
The last iteration started at 87.5% of the experimental
fracture strength and developed an instability at 90%.

The damage zone diagrams for three representative load
levels for the elastic model are shown in Figs. 3-5. The plots
correspond to the portion of the plate shown in the figures.
The coordinates x and y are normalized by dividing them by
the plate width w. The dotted line parallel to the y axis
represents the crack, and the crack tip is located at y/w = 0.13.
The boundary of the plate is at y/w = Q.5.

Several generalizations can be drawn from examinations of
the plots. First, the damage zone remains very small until 40%
of the fracture strength is reached. In the diagram for 80% of
the fracture strength, the general shape of the damage zones
in each ply can be seen.

The damage zone in each ply generally extends the farthest
in a direction perpendicular to the fiber direction. This is
caused by the large amount of shearing and transverse failure.
The damage zone extends slightly behind the crack tip in all
plies.

The 90-deg ply has the largest damage zone, and the zone in
this ply grows the fastest. At 100% of the fracture load, all of

the 90-deg ply has failed except for a small area along the
crack flanks.

The boundaries for the +45 and — 45-deg plies essentially
coincide. The small deviances that occur are believed to be
caused by numerical approximation. The stress fields in the
± 45-deg plies have shown the greatest disparity among
adjoining elements and thus an averaging technique was
employed.20

The smallest damage zone is that for the 0-deg plies. As can
be seen, it is narrow and pointed. The area bounded by the 0-
deg damage zone is also the area in which all plies have failed
and is represented by the damage zone's dimension c,
presented in Table 2. The damage zone dimension is measured
from the tip of original crack to the tip of the 0-deg damaged
zone in the direction of the original crack. It must be
recognized that other plies have been damaged outside of this
zone, but the plate still retains some load-carrying capacity.
The growth of this zone simulates crack growth.

The damage zone boundaries for the progressive failure
model are shown in Figs. 6-8. The boundaries for the elastic
model and the progressive failure model are similar up to the
50% load level. At this point, the damage zones in the
progressive failure model begin to grow faster. Another
dissimilarity is that the growth of the damage zone behind the
crack tip stops at 50%. The removal of element plies creates

Table 2 Damage zone dimensions (calculated from finite element)

Applied
stress, ksi

2.98
5.88
8.86

11.84
14.73
17.72
20.61
23.59
25.09
25.83
26.20
26.58
29.47

Elastic model c, in.

0.0
0.0
0.008
0.013
0.019
0.026
0.031
0.037
_ a
_ a

a

0.048
0.056

Progressive failure
model c, in.

0.0
0.0
0.006
0.014
0.032
0.065
0.121
0.193
0.314
0.507
0.728
_ a
_ a

a Analysis was not performed for these loads.
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Fig. 3 Damage zone prediction at 60% of experimental fracture
load, using elastic model.
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Fig. 6 Damage zone prediction at 60% of experimental fracture
load, using progressive failure model.
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Fig. 4 Damage zone prediction at 80% of experimental fracture
load, using elastic model.

0 DEGREE PLY
90 DEGREE PLY
45 DEGREE PLY
-45 DEGREE PLY

°0.00 0. 10 D.40 0.500.20 0.30
X / W

Fig. 5 Damage zone prediction at 100% of experimental fracture
load, using elastic model.
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Fig. 7 Damage zone prediction at 80% of experimental fracture
load, using progressive failure model.

an equivalent free edge stress similar to the stresses exhibited
along the crack flanks.

At the 85% load level, the ±45-deg plies and the 90-deg ply
have failed in the entire region between the crack tip and the
edge of the plate. Contrary to what happens with the elastic
model, the 90-deg ply never fails over the entire plate.
Ultimate failure becomes imminent when 0-deg ply damage
zone reaches the edge of the plate at 88.75% of the ex-
perimental fracture strength.

The first application of the finite-element analysis is to
check the correlation between the experimental subcrack
lengths in each ply and the numerical values of (Kf) 2. Two
values of Kl are calculated; one is for the purely elastic
analysis, and.the other is for the progressive failure analysis.

The first task is to determine the length of the ply's sub-
cracks. The subcrack measurements are obtained from the
radiographs. The measurements were made from the crack tip
in each ply's fiber direction. Subcrack lengths, shown in Table
3, are the average of the measured lengths.

The values of Kl are obtained from Eqs. (2) and (3). The
crack half-length a is calculated using Eq. (3). The computed
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Fig. 8 Damage zone prediction at 88.75% of experimental fracture,
load, using progressive fracture model.

Table 3 Subcrack lengths (measured)

Applied
stress, ksi

14.734
17.718
20.609
23.593
26.577
28.069

0-deg
ply, in.

0.031
0.055
0.057
0.060
0.084
0.087

90-deg
ply, in.

0,047
0.086
0.115
0.226
0.436
0.564

±45-deg
ply, in.

0.023
0.039
0.046
0.068
0.092
0.095

Table 4 K, calculations (elastic model)

Applied
stress, ksi

2.98
5.88
8.86

11.84
14.73
17.72
20.61
23.59
26.58
29.47

Half-crack Plate Kf
length, in. width, in. ksi-in.' / :

0.256
0.256
0.264
0.269
0.274
0.281
0.287
0.293
0.303
0.312

1.97 2.75
.97 5.00

1.97 8.32
.97 11.04
.97 14.15

1.97 17.28
1.97 20.28
.97 23.51
.97 27.04

1.97 30.46

(K,)2,
ksi2- in.

7.59
25.04
69.24

121.85
200.19
298.44
411.36
552.87
731.34
927.85
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Fig. 9 (A'/)2 vs subcrack length for elastic model.

o 0° ply

° 90° ply

o+45°ply

.1-
+45°

200 400 600 800 1000
K 2 (ksi2-in.)

Fig. 10 (Kf)2 vs subcrack length for progressive failure model.

Table 5 A 7 calculations (progressive failure model)

Applied
stress, ksi

2.98
5.88
8.86

11.84
14.73
17.72
20.61
23.59
25.09
25.83
26.20

Half-crack Plate
length, in. width, in.

0.256
0.256
0.262
0.270
0.288
0.321
0.377
0.449
0.570
0.463

.97

.97

.97

.97

.97

.97

.97
1.97
.97
.97

0.984 1.97

*' „ •ksi-in. A

2.75
5.00
8.28

11.27
14.55
18. 65
23.96
30.89
39.89
59.66

4115.75

(Kt)2,
ksi2-in.

7.59
25.04
68.50

126.98
211.62
344.93
573.85
953.51

1591.36
3558.77

16.9X106

values of Kl at the various stress levels for the elastic analysis
are shown in Table 4.

The values of Kf for the progressive failure analysis are
shown in Table 5. This table does not go to the same stress
level as the elastic analysis, since the analysis developed an
instability before 100% of the experimental notched strength
was reached.

The values of (Kj) 2 determined from the elastic analysis vs
the subcfack length in each ply are shown in Fig. 9. As was
found in Ref. 1, there appears to be a linear relation between
(K,)2 and the subcrack lengths.

The values 'of (AT7)2 determined from the progressive
failure analysis vs subcrack lengths are shown in Fig. 10. For

the values of (Kf) 2, considering values of load from 14.7341
to 23.593 ksi, the correlation appears to be linear. At the last
load level, where the damage zone extends to the edge of the
plate, there is no correlation between (Kf) 2 and the subcrack
lengths.

As was stated previously, calculated values of the opening-
mode stress intensity factor Kj can be used to predict failure.
For this specimen the critical stress intensity factor6 is be-
tween 40.22 and 41.67 ksi-in.'^. Referring to Table 4, it is
seen that failure would occur at some value over 29.47 ksi,
which is the experimental notched strength. If the value of Kf
continued to increase in the same manner, the predicted
fracture strength would be appro: imately 39 ksi or 32% over
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Table 6 Load and load bearing area data

LoadP
Ib

256
504
760

1016
1264
1520
1768
2024
2152
2216
2248
2280
2528

Elastic
ALE in.2

6.35X10- 2

6 . 3 5 x l O ~ 2

6 . 2 8 x l O - 2

6.24x10-2
6.19x10-2
6.12x10-2
6.08X10- 2

6.03x10-2
a

_ a
a

5.93X10-2

5.86x l O - 2

Progressive failure
ALB in.2

6.35X10-2

6.35x10-2
6.30X10-2

6.22x10-2
6.07xlO- 2

5 .78x lO- 2

5 .29x lO- 2

4.67x10-2
3.61 x l O - 2

1.93X10-2

0
_ a
_ a

a Analysis was not performed for these loads.

the experimental strength. Using the values of (Kf) 2 in Table
5, the failure strength would be between 25.09 and 25.83 ksi.
This is in error by 12-15%. As was expected, the elastic
analysis provides an upper bound on the fracture strength and
the progressive failure analysis provides a lower bound.

The load-displacement diagram, Fig. 2, can be used to
determine the fracture load from a stability standpoint. After
the last iteration the slope changes from 5.104X 103 lb/in.,
for the load increment from 87.5 to 88.75% of the ex-
perimental fracture load, to 2 .99X10 1 lb/in. for the in-
crement from 88.75 to 90%. Therefore, the failure strength
becomes the stress at 88.75% or 26.20 ksi. This is below the
actual fracture strength by 11%. For the instability analysis,
there is not an upper bound since the elastic-load-
displacement diagram remains linear.

The last method that can be .used to predict fracture
strength is the applied-load-vs-load-bearing-area (P-/4LB)
diagram. The values of the applied load and the remaining
load-bearing-area data are shown in Table 6.

The P-ALB diagram is shown in Fig. 11. The values along
the horizontal axis correspond to values of ALB which is the
load-bearing area of the plate between the notch and the edge
of the plate. The load-bearing area represents the portion of
the plate in which all laminae have not failed. The vertical axis
values are the applied loads P. The straight line running in an
oblique direction from the origin represents the boundary
between loads and load-bearing areas that do not result in
failure and those combinations that cause failure. Thus, the
stress represented by any curve is equal to the unnotched
tensile strength of 54.4 ksi when that curve crosses this
oblique line.

5000 H

4000-

3000-

2000-

1000

A Notch insensitive model

o Progressive failure model

o Elastic model
a Experimental fracture load

Fig. 11 Analytical-load vs load-bearing-area diagram for this
specimen.

In order to explain the significance, of the points on this
diagram, the effect of notch sensitivity is examined. If the
plate is not notch sensitive, the plate would fail when the load
per area exceeded the unnotched tensile strength. The failure
line would extend parallel to the load axis, and the failure load
would be 3400 Ib. Since the plate is notch sensitive, the failure
load is less, 2530 Ib. This is a 34% error.

The growth of a damage zone at the crack tip accounts for
the notch sensitivity. The elastic analysis can be used to model
damage zone growth as shown in the diagram. Using only the
elastic analysis, the predicted fracture load is 3100 Ib. This is a
23% error. As expected, the elastic analysis provides a
prediction that is above the actual fracture load.

The progressive failure analysis can also be used to predict
fracture strength. The failure curve using this analysis
becomes nonlinear in the upper load levels as the damage zone
growth accelerates. The predicted fracture load using the
progressive failure analysis is,2110 Ib. This prediction is 16%
below the actual fracture strength. As predicted, using only
theoretical considerations, the progressive failure analysis
provides a lower bound on the fracture strength.

Conclusions
Using numerical models, it was possible to correlate ply

subcrack length and Kf. Although it was not shown that the
subcrack length was related to ultimate failure, the linear
relation between ( K , ) 2 and subcrack length does indicate that
some principles of linear fracture mechanics do apply, at least
in the immediate vicinity of the crack tip.

Through numerical modeling, it was also possible to bound
the fracture strength for the center-notch specimen, using
either Kf or one of the other models. Although the instability
analysis provided the closest approximation of fracture
strength, it did not provide an upper bound. The P-ALB
approach provided bounds that were as close to the actual
strength as that calculated using Kf values. Since the P-ALB
approach is flexible, it is considered the better of three
methods examined. Before this method can be applied to
other laminates and structures, further research is required. -

The numerical model presented in this paper is crude and
could obviously be improved upon. The most important area
requiring improvement is that of the strength criterion. A
better criterion could possibly give better estimates of which
element plies have failed. The next area requiring im-
provement is in the treatment of element stiffness after
failure. The method presented herein always provides a lower
bound solution which is important when considering
problems in which experimental data are nonexistent or the
experiment is in the planning stage. Improving stiffness
characteristics may not provide a closer, conservative result.
The last procedure that requires improvement is in the method
of loading. Through the use of more sophisticated in-
cremental loading and convergence methods, associated with
nonlinear analysis, the predictions could be improved.

The applicability of the finite-element method in analyzing
composite fracture has been shown for this special case. Since
finite-element models can be applied to complicated struc-
tures and are not as costly as experimentation, further study
into the application of finite elements to this type of problem
is necessary and should prove profitable.
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